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We first construct generalized Riemann-normal coordinates by using autoparallels, instead of geodesics, in an
arbitrary Riemann-Cartan spacetime. With the aid of generalized Riemann-normal coordinates and their asso-
ciated orthonormal frames, we obtain a momentum-space representation of the Feynman propagator for scalar
fields, which is a direct generalization of Bunch and Parker’s works to curved spacetime with torsion. We further
derive the proper-time representation in n dimensional Riemann-Cartan spacetime from the momentum-space
representation. It leads us to obtain the renormalization of one-loop effective Lagrangians of free scalar fields by
using dimensional regularization. When torsion tensor vanishes, our resulting momentum-space representation
returns to the standard Riemannian results.
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I. INTRODUCTION
A consistent dynamical theory between gravity and quan-
tum field theory involves microscopic aspect of gravity. In the
perturbative approach to quantize gravitational field, it turns
out that general relativity (GR) is unrenormalizable, so a sat-
isfactory quantization of gravitational field cannot be accom-
plished [12]. Moreover, the standard cosmological model,
which is based on GR plus the known matter field, predicts
a decelerating expansion of our present Universe. It is con-
tradicted to recent astrophysical observations, e.g. supernova
Type Ia observations, which indicate that the expansion of
the present Universe is in accelerating phase [24]. Hence,
GR cannot successfully describe both the small-scale (planck
scale) and large-scale (cosmological scale) phenomena.
Since GR is established (by hypothesis) in the pseudo-
Riemannian (i.e. torsion free) framework, the fundamental
variables for the gravitational field are metric tensor g. The
sources of gravitational field are solely described by symmet-
ric stress-energy tensor, so the conservation law of angular-
momentum does not involve intrinsic spin of elementary par-
ticles. Therefore, it lacks of a description of spin-orbit cou-
pling. These problems may be resolved when we extend
GR to Riemann-Cartan spacetime, i.e. Einstein-Cartan the-
ory. Another well-known gauge theory of gravity, Poincaré
gauge theory of gravity (PGT), is also established in Riemann-
Cartan spacetime. In these theories, intrinsic spin play a sig-
nificant role and becomes the source of torsion.
Riemann-Cartan spacetime is characterized by metric g and
metric-compatible connection ∇, so the natural associated
variables for gravitational field are orthonormal co-frames
{ea} and connection 1-forms {ωab}. In PGT, {ea} and {ωab}
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correspond to local translation and rotation gauge potentials
[15]. There are several important theories of gravity being
considered {ea} and {ωab} as the fundamental variables, e.g.
loop quantum gravity. Moreover, recent theoretical investi-
gation on cosmology has been developed in Riemann-Cartan
spacetime. For the dark energy problem, it was discovered
that the trace torsion may be a good candidate for dark en-
ergy in a cosmological model of PGT [4, 26]. For inflation-
ary scenario in early Universe, instead of introducing inflaton
which violate the strong energy condition, we found that the
quadratic curvature terms in Riemann-Cartan spacetime do
provide a power-law inflation and the totally anti-symmetric
torsion play a significant role for generating inflation [29].
These results show that torsion has notable effects on cosmol-
ogy.
Since torsion and intrinsic spin have direct interactions,
spin-polarized bodies are used to detect torsion directly in the
laboratory (see a review article [19]). Up to present, there is
no experimental evidences showing the existence of torsion
field, so the constraints on torsion-spin coupling turn out to
be extremely small [17, 19]. However, due to the observa-
tion of cosmic microwave background radiation (CMB) and
other astrophysical observations, it provides another possibil-
ity to search for torsion-spin coupling, which are expected to
be significant, in the early Universe. Instead of looking for
torsion-spin coupling, Dereli and Tucker considered a spinless
particle following an autoparallel curve in the Brans-Dicke
theory with torsion, and then estimated the precession rate of
Mercury’s orbit [8, 9]. Later on, the precession rate of a gyro-
scope following an autoparallel in the Kerr-Brans-Dicke field
with torsion has also been calculated [30].
The discovery of CMB and its anisotropic structure pro-
vides us a light to understand the evolution of our early Uni-
verse. It can be expected that the quantum effects of matter
fields will become significant in the very early Universe (near
the planck scale). In our previous work [29], we obtained
an inflationary model based on quadratic curvature effects in
2Riemann-Cartan spacetime. In pseudo-Riemannian structure
of spacetime, adding the quadratic curvature Lagrangians into
the Einstein-Hibert action comes from the renormalization of
one-loop effective action of matter fields [2] and inflationary
models have also been discussed [18, 27]. It motivates us to
study the renormalization of one-loop effective action of mat-
ter fields in Riemann-Cartan spacetme.
Quantum field theory in the pseudo-Riemannian structure
of spacetime has been largely investigated [2, 10, 11]. The
standard approach to find the divergent terms of one-loop ef-
fective action of free scalar, spin 1/2 and 1 fields are using
DeWitt-Schwinger proper-time method [6, 10] with some reg-
ularization methods. It requires to solve a heat kernel equation
in the normal neighborhood of a point x′ by using DeWitt-
Schwinger ansatz, which involve a bi-scalar world-function
σ(x, x′), i.e. one-half the square of the geodesic distance be-
tween x and x′. It is known that the normal neighborhood
of x′ is obtained by using exponential map [14], i.e. send-
ing geodesics to the neighborhood of x′. The generalization
of proper-time formulation to Riemann-Cartan spacetime has
been considered [13, 21]. However, it immediately encounter
with a question: which curve, autoparallel or geodeisc, should
be used to construct the exponential map? In [13], it applied
DeWitt-Schwinger ansatz to solve a heat kernel equation in
Riemann-Cartan spacetime by using autoparallels. However,
we found that these curves are not autoparallels since the one-
half the square of the autoparallel distance σ(x, x′) satisfies
the equation σ(x, x′) = 12g
µν∇µσ∇νσ (see Eq. (3.8) in
[13]), which is actually the geodesic equation [10]. It turns
out that geodesic interval σ(x, x′) is more suitable for apply-
ing DeWitt-Schwinger ansatz in Riemann-Cartan spacetime.
The discussion of quantum field theory in Riemann-Cartan
spacetime has another approach by considering torsion as an
extra background field (see a review article [25]). In this ap-
proach, the fundamental variables are components of met-
ric gµν and torsion Tαµν with respect to coordinate basis
{∂µ}, and the full connection ∇ will be separated into Levi-
Civita connection ∇˜ and contorsion part. Following this ap-
proach, the divergent terms of one-loop effective action of
matter fields turn out to be the geometrical invariants asso-
ciated with Riemannian curvature and torsion, instead of full
curvature and torsion [7, 22, 25]. One may easily verify that
the field equations obtained from the variation of gµν and
Tαµν are completely different from the field equations ob-
tained by varying {ea} and {ωab}. For example, the met-
ric components gµν contain 10 independent variables due to
its symmetrization, but orthonormal-coframe {ea = eaµdxµ}
have 16 independent variables. So their associated source cur-
rents will be symmetric stress-energy tensor T µν and stress-
energy 3-forms τa, respectively. Moreover, another difference
comes from the first-order and second-order Lagrangians [25].
It is more reasonable for us to consider {ea} and {ωab} as
independent variables, since one can naturally derive their as-
sociated field strengths (i.e. torsion and full curvature) and
Bianchi identities (i.e. conservation laws).
Besides the DeWitt-Schwinger proper-time representation,
Bunch and Parker [3] developed a momentum-space repre-
sentation which is useful for discussing the renormalizability
of interacting fields, e.g. λφ4 theory, in a general pseudo-
Riemannian structure of spacetime. By constructing the
Riemann-normal coordinates in the normal neighborhood of
an original point x′, they solved the Feynamm Green’s func-
tion G(x, x′) of free scalar and Dirac fields in the Riemann-
normal coordinates with a large wave number k approxima-
tion. In the large k approximation, the first few leading solu-
tion of momentum-space representation of Feynamm Green’s
function, i.e. Gi(k), have been obtained. It is known that the
ultraviolet divergences come from the large wave number k
modes, i.e. short distance behavior, so the solutions Gi(k)
for i 6 4 are sufficient to deal with the renormalization of
one-loop effective action. However, for studying the renor-
malizability of λφ4 theory, the solutions Gi(k) for i 6 2 may
be sufficient.
The method of momentum-space representation can be nat-
urally extended to Riemann-Cartan spacetime. The major dif-
ferent is that the background field variables are changed from
metric tensor g = gµνdxµ ⊗ dxν to orthonormal co-frames
{ea = eaµdx
µ} and connection 1-forms {ωab = ωabµdxµ}.
We should construct a local coordinate system {xµ}, where
the coefficients of eaµ and ωabµ in the Taylor series expan-
sions can be systematically expressed in terms of full curva-
ture, torsion and their covariant derivative∇µ at original point
x′. It is obvious that the Riemann-normal coordinate is not a
proper choice since only the expansions of gµν can be sys-
tematically expressed in terms of Riemannian curvature and
its covariant derivative with respect to Levi-Civita connection.
There is no systematical way to accomplish the expansions of
full connection components Γαµν . It is not difficult to see that
gµν in the Riemann-normal coordinates yields no difference in
the Riemann-Cartan spacetime or in the pseudo-Riemannian
structure of spacetime.
Tucker established Fermi coordinates with their associated
orthonormal-frames in Riemann-Cartan spacetime [28]. In-
stead of using geodesics, he used autoparallels γv(λ) to de-
fine an exponential map and then the Fermi coordinates can
be constructed in the normal neighborhood of a time-like
curve. By parallel transporting the orthonormal co-frames
{ea} along γv(λ), one can systematically expressed eaµ and
ωabµ in terms of the acceleration and frame rotation of the
time-like curve, full curvature, torsion and∇µ on the time-like
curve. We follow the similar process to construct generalized
Riemann-normal coordinates at a point x′. A detail construc-
tion will be presented in Sec. III. A recent investigation on
normal frames in general connection (no metric-compatible)
has be found in [20]. In order to find the ultraviolet diver-
gences of one-loop effective action, we should accomplish the
expressions of eaµ and ωabµ in terms of full curvature, torsion
and ∇µ to fifth-order, which involve quadratic full curvature
terms.
Using generalized Riemann-normal coordinates, one can
solve Feynamm Green’s function of scalar and spin 1/2 fields
in Riemann-Cartan spacetime and find approximate solutions
Gi(k) in the momentum space. In this paper, we first con-
centrate on a scalar field. The classical action of the scalar
field includes a non-minimal coupling term ξRφ2, where R is
full scalar curvature. When ξ = 0, the scalar field has mim-
3inal coupling, and ξ = 16 may refer to conformal coupling.
Since solving Gi(k) for i = 3, 4 involves extremely com-
plicated and tedious calculations, we will restrict our back-
ground torsion to be totally ansi-symmetric. For i 6 2, we
solve Gi(k) in general background torsion. The restriction of
totally anti-symmetric torsion largely simplified our calcula-
tions. Moreover, our previous work [29] indicated that totally
anti-symmetric torsion plays a significant role for generating
inflation, so this restriction may still be useful for investigat-
ing quantum effects in the early Universe. The calculation of
renormalization of one-loop effective action for spin 1/2 field
is straightforward and since the totally anti-symmetric torsion
has a direct interaction with fermions, the restriction on totally
anti-symmetric torsion may also be interesting to study.
In Sec. II, we start from a classical action of a free mas-
sive scalar field in Riemann-Cartan spacetime, and by us-
ing path-integral quantization, the effective action is obtained.
The vacuum expectation values of stress 3-forms and spin 3-
forms are defined. Sec. III presents a detail construction
of generalized Riemann-normal coordinates with associated
orthonormal frames. We derive the expansions of eaµ and
ωabµ to fifth-oder, and the coefficients are expressed in terms
of full curvature, torsion and ∇µ at the original point x′.
When torsion vanishes, it agrees with the result obtained in the
Riemann-normal coordinates. Sec. IV starts from the equa-
tion of Feynamm Green’s function in n dimensional Riemann-
Cartan spacetime, and by using the generalized Riemann-
normal coordinates constructed in Sec. III, and large k ap-
proximation, we obtain the solutions Gi(k) for i 6 2 in gen-
eral background torsion. In the Subsection IV A, the solutions
Gi(k) for i 6 4 are derived in the totally antisymmetric back-
ground torsion. When torsion vanishes, Gi(k) agrees with the
result in [3]. In Sec. V, the proper-time representation in n
dimensional Riemann-Cartan spacetime is derived from the
momentum-space representation obtained in Sec. IV. Since
the solutions Gi(k) are valid in n dimensional spacetime, we
use dimensional regularization to study the renormalization of
one-loop effective action. In Appendix, we present the detail
and tedious calculations for writing down the equation of Fey-
mann Green’s function in the generalized Riemann-normal
coordinates.
In this paper, we use unit h = c = 1, and for n dimen-
sional spacetime, the metric signature is (−,+, · · · ,+). The
Greek indices α, β, γ · · · are referred to coordinate indices
and the Latin indices a, b, · · · referred to frame indices. Both
types of indices run from 0 to n − 1. The covariant deriva-
tive ∇µ on any tensor components Za···bc···d is defined by
(∇Z)(ea, · · · , eb, Xc, · · · , Xd, ∂µ). Any geometrical object
defined by Levi-Civita connection ∇˜ will be put˜ on it.
II. EFFECTIVE LAGRANGIANS OF SCALAR FIELDS
The classical action functional of a scalar field in the
pseudo-Riemannian (i.e. torsion free) structure of space-time
is [2]
S˜[g, φ] = −
1
2
∫
M
dφ ∧ ⋆dφ+ (m2 + ξR˜)φ2 ⋆ 1, (1)
where the metric g denotes the background gravitational field,
⋆ is the Hodge map associated with g, m is the scalar field’s
mass, ξ is an arbitrary real number, and R˜ is the Ricci
scalar curvature defined by Levi-Civita connection ∇˜. Since
the background gravitational field is now described by g
and metric-compatible connection ∇ in the Riemann-Cartan
space-time, the basic gravitational variables will be a class of
arbitrary local orthonormal 1-form co-frames {ea} on space-
time related by SO(3, 1) transformation and connection 1-
forms {ωab}, which is a representation of ∇ with respect to
{ea}. A direct generalization of Eq. (1) to Riemann-Cartan
space-time is
S[ea, ωab, φ] = −
1
2
∫
M
dφ ∧ ⋆dφ+ (m2 + ξR)φ2 ⋆ 1, (2)
where R is the full scalar curvature. Varying S with respect to
φ, the equations of motion of φ can be obtained
0 =
δS
δφ
= −d ⋆ dφ+ (m2 + ξR)φ ⋆ 1. (3)
The classical stress 3-forms τa and spin 3-forms Sab are de-
fined as
τa ≡
δS
δea
=
1
2
(iadφ ∧ ⋆dφ+ dφ ∧ ia ⋆ dφ −m
2φ2 ⋆ ea
−ξφ2 Rbc ∧ ⋆ea
bc), (4)
Sa
b ≡
δS
δωab
= −
1
2
ξφ2
(
2 dφ
φ
∧ ⋆ea
b +Tc ∧ ⋆eca
b
)
, (5)
where ia ≡ iXa is the interior derivative and {Xa} is the dual
basis of {ea}. ea...bc...d ≡ ea ∧ . . .∧ eb ∧ ec ∧ . . . ed, Rab are
curvature 2-forms, and Ta are torsion 2-forms.
The transition from classical to quantum fields has two
main procedures, canonical and path-integral quantizations.
However, the path-integral quantization is a more practical
approach to study the renormalization of vacuum expectation
value of τa and Sab, which are given by
< τa >=
< out, 0|τa|in, 0 >
< out, 0|in, 0 >
, (6)
< Sa
b >=
< out, 0|Sab|in, 0 >
< out, 0|in, 0 >
, (7)
where |in, 0 > and |out, 0 > correspond to initial in-region
and final out-region vacuum states, respectively.
One may start from the generating functional with vanish-
ing external current J = 0 [2],
Z[J = 0] ≡< out, 0|in, 0 >=
∫
D[φ] eiS[e
a,ωab,φ], (8)
and using Schwinger’s variational principle [10] yields
δZ[0] = i < out, 0|δS|in, 0 >= i
∫
D[φ] δS eiS . (9)
4So < τa > and < Sab > can actually be derived by varying
the effective action W , which is defined by
W [ea, ωab, φ] ≡ −i ln < out, 0|in, 0 >= −i lnZ[0], (10)
with respect to ea and ωab, i.e.,
δW
δea
=< τa >, (11)
δW
δωab
=< Sa
b > . (12)
With some straightforward derivation [2], the effective ac-
tion become
W = −
i
2
∫
M
< x| lnGF |x > ⋆1, (13)
where < x|GF |x′ >≡ GF (x, x′) is the Feynman Green’s
function. The divergent terms of W have been largely studied
by using the Dewitt-Schwinger proper-time representation of
GF (x, x
′) in the pseudo-Riemannian geometry [2, 10]. Be-
sides the proper-time representation, Bunch and Parker pro-
posed another representation, the momentum-space represen-
tation, which has been shown to be equivalent to proper-time
representation , to study the renormalizability of λφ4 field the-
ory in the pseudo-Riemannian geometry [3].
The momentum-space representation of GF (x, x′) requires
to establish the Riemann-normal coordiantes in a normal
neighborhood of the point x′ and then solve GF (x, x′) in
the momentum space [3]. The resulting divergent terms of
effective action involve Ricci scalar curvature R˜ and vari-
ous quadratic Riemann curvature terms, e.g. Ricci curvature
square R˜abR˜ab. The method of momentum-space representa-
tion can naturally be extended to Riemann-Cartan spacetime,
however, it is not suitable to use the Riemann-noraml coordi-
nates. The reason is that divergent terms of Eq. (10) should
depend on full curvature and torsion terms instead of Riemann
curvature and torsion. It leads us to establish a generalized
Riemann-normal coordinates in a Riemann-Cartan spacetime.
III. GENERALIZED RIEMANN-NORMAL
COORDINATES
In a general Riemann-Cartan spacetime, the definitions of
autoparallels and geodesics are completely different. How-
ever, they become equivalent in the pseudo-Riemannian ge-
ometry. Autoparallels γ : λ 7→ γ(λ), which satisfy
∇γ′γ
′ = 0, (14)
where γ′ denotes the tangent vector of γ, are defined in terms
of connectiton∇, but geodesics C : t 7→ C(t), which satisfy
δ
∫ √
g(C˙, C˙) dt = 0, (15)
are defined in terms of g. It is worth to point out that autopar-
allels and geodesics coincide if background torsion tensor re-
quires to be totally anti-symmetric. Since Eq. (14) and Eq.
(15) both provide unique solutions with given initial values, it
is not difficult to see that either autoparallels or geodesics can
be used to construct a local coordinate system.
If one uses geodesics to construct local coordinates yα, i.e.,
the Riemann-normal coordinates, with original at point x′ in
the Riemann-Cartan spacetime, the expansion of the metric
components gµν (i.e. g(∂µ, ∂ν)) in this coordinates is given
by [23]
gµν = δµν −
1
3
R˜µναβy
αyβ −
1
6
∇˜γR˜µναβy
αyβyγ + . . . ,
(16)
which involves the value of the Riemann curvature R˜abcd and
the covariant derivative with respect to Levi-Civita connec-
tion ∇˜ at the original point, instead of full curvature Rabcd
and connection ∇, at x′. Furthermore, it can be verified that
the expansions of all geometric quantities, e.g. torsion ten-
sor components T abc, also involve R˜abcd and ∇˜. Since our
background gravitational variables are {ea} and {ωab}, us-
ing the above construction to find the divergent terms of W is
completely improper. It is necessary to establish a local coor-
dinate system, where the expansions of {ea} and {ωab} will
involve full curvatureRabcd, covariant derivative∇a, and tor-
sion T abc. The generalized Fermi coordinates have been con-
structed by using autoparallels and the associated orthonormal
co-frames in the Riemann-Cartan spacetime [28]. Here, we
apply the similar procedure to establish generalize Riemann-
normal coordinates.
Consider an autoparallel γv : λ 7→ γv(λ) ∈ M with its
initial values
γv(0) = x
′, (17)
γ′v(0) = v, (18)
where M denotes a n-dimensional Riemann-Cartan spcae-
time. Provided γv(1) exists, the exponential map expx′ :
Tx′M 7→ M is then defined in an open neighborhood U of
x′ by
expx′(v) ≡ γv(1) ∈M, (19)
where Tx′M denotes the tangent space to M at x′. Using
expx′ with an orthonormal frame {Xˆa} at x′, we obtain the
generalized Riemann-normal coordiantes xα
Ψα(expx′ v) = x
α, (20)
where Ψα is a coordinate chart and
v =
n−1∑
α=0
δaα x
αXˆa, (21)
where δaα = diag(1, · · · , 1). In the following,ˆ on any ten-
sor field Z denotes Z|xα=0 (i.e. Z at x′). A natural induced
coordinate basis {∂α}, by construction, has {∂ˆα = δaαXˆa}.
It will be useful to introduce generalized Riemann-normal
hyper-spherical coordinates {λ, pα} defined by
xα = λ pα, (22)
5where λ is the radial coordinate with affine parametrization
and pa are the direction cosines of tangent vectors of autopar-
allels γ∂α at x′ satisfying
n−1∑
α=0
pαpα = 1. (23)
From the inverse relations
λ2 =
n−1∑
α=0
xαxα, (24)
one has
∂λ = p
α∂α, (25)
∂λp
α = 0, (26)
and v = λ∂ˆλ. It should be mentioned that Zˆ = Z|λ=0 de-
notes the initial value of any tensor field Z in hyper-spherical
coordinates {λ, pα}. Using {λ, pα}, we can parallel transport
{Xˆa} along autoparallels γ∂λ to set up a field of orthonormal
frames {Xa} and its dual co-frame field {ea} on U .
From the above construction, one has
∇∂λe
a = 0, (27)
i.e.
i∂λω
a
b = ω
a
b(∂λ) = 0, (28)
with its initial value eˆa = δaα d̂xα = δaα pαd̂λ. Since ∂λ are
tangent vectors of autoaparallels, we further obtain
∂λ(e
a(∂λ)) = 0. (29)
It turns out that ea(∂λ) is independent of λ and equals to its
intital value pa. So {ea} in {λ, pa} gives
ea = δaα p
αdλ+Aaµ dp
µ (30)
with the initial values
Aˆa ≡ Aˆaµ dp
µ = 0. (31)
Eq. (28) indicates that ωab do not contain the dλ term, so
ωab = C
a
bµ dp
µ (32)
with the initial values
Cˆab = Cˆ
a
bµ dp
µ = ̂ωab(∂µ) dp
µ = 0. (33)
It is known that the Riemann-normal coordinates in the
pseudo-Riemannian geometry have a local Minkwoski struc-
ture (i.e. gµν(x′) = ω˜µν(x′) = 0), which is associated with
equivalence principle. Similarly, Eqs. (31) and (33) also rep-
resent a local Minkwoski structure of spacetime at x′ in the
Riemann-Cartan spacetime, so the revised edition of equiva-
lence principle has been discussed [16].
Since we have completely constructed the generalized
Rieamnn-normal coordinates with the associated orthonormal
co-frames {ea} on U , the next step is to expand the fundamen-
tal variables {ea} and {ωab} with respect to radial variable λ
and then to express their coefficients in terms of full curvature
Rˆabcd, torsion Tˆ abc and their covariant derivative∇α.
We start from the Cartan structure equations defined by the
torsion and full curvature [1]:
dea = −ωab ∧ e
b +Ta, (34)
dωab = −ω
a
c ∧ ω
c
b +R
a
b (35)
where
Ta =
1
2
T abc e
bc and Rab =
1
2
Rabcd e
cd (36)
are torsion 2-forms and curvature 2-forms in the co-frame
field {ea}. By substituting Eqs. (30) and (32) into Eqs. (34)
and (35) and equating the forms containing dλ ∧ dpα on each
side, it gives ordinary differential equations for Aa and Cab:
A′a = δaα dp
α + Cab δ
b
α p
α + T abc δ
b
α p
αAc, (37)
C′ab = R
a
bcd δ
c
α p
αAd, (38)
where ′ denotes the radial derivative ∂λ. A′a and C′ab denote
(∂λA
a
b) dp
b and C′ab = (∂λCabc) dpc, respectively. In the re-
main part of Sec. III, we will use the notations dpa ≡ δaα dpα
and pa ≡ δaα pα
We know that the Taylor series representations of Aa and
Cab with respect to radial coordinate λ are
Aa = Aˆa + Aˆ′aλ+
1
2!
Aˆ′′aλ2 + · · · , (39)
Cab = Cˆ
a
b + Cˆ
′a
bλ+
1
2!
Cˆ′′abλ
2 + · · · . (40)
It should be mentioned that, for any function f , fˆ ′···′ denotes
(∂λ · · ·∂λf)|λ=0. By successively differentiating Eq. (37)
and (38) with respect to λ and then evaluating the results at
λ = 0, one can obtain Aˆ′···′a and Cˆ′···′ab in terms of Rˆabcd,
Tˆ abc, and their radial derivative ∂λ. Since the discussion of
renormalization of W in terms of momentum-space represen-
tation requires to calculate Aˆ′···′a and Cˆ′···′ab to fifth-order, we
will present our results to fifth-order of the radial derivative.
To first order in λ one find
Aˆ′a = dpa, (41)
Cˆ′ab = 0. (42)
The curvature and torsion start to appear at the second order:
Aˆ′′a = Tˆ abc p
b dpc, (43)
Cˆ′′ab = Rˆ
a
bcd p
c dpd. (44)
At the third order:
Aˆ′′′a = Rˆabcd p
bpcdpd + 2Tˆ ′abc p
bdpc
+ Tˆ abc Tˆ
c
de p
bpddpe, (45)
Cˆ′′′ab = 2Rˆ
′a
bcd p
cdpd + Rˆabcd Tˆ
d
ef p
cpedpf , (46)
which have one radial derivative of the curvature and torsion.
6The two radial derivatives of the curvature and torsion start to appear at the fourth order:
Aˆ′′′′a = 2Rˆ′abcd p
bpcdpd + Rˆ′abcd Tˆ
d
ef p
bpcpedpf + 3Tˆ ′′abc p
bdpc + Tˆ abc Rˆ
c
def p
bpdpedpf
+3Tˆ ′abc Tˆ
c
de p
bpddpe + 2Tˆ abc Tˆ
′c
de p
bpddpe + Tˆ abc Tˆ
c
de Tˆ
e
fg p
bpdpfdpg, (47)
Cˆ′′′′a b = 3Rˆ
′′a
bcd p
cdpd + Rˆabcd Rˆ
d
efg p
cpepfdpg + 3Rˆ′abcd Tˆ
d
ef p
cpedpf + 2Rˆabcd Tˆ
′d
ef p
cpedpf
+Rˆabcd Tˆ
d
ef Tˆ
f
gh p
cpepgdph. (48)
At the fifth order, it becomes much more complicated and involves three radial derivatives of the curvature and torsion:
Aˆ′′′′′a = 3Rˆ′′abcd p
bpcdpd + 3Rˆ′abcd Tˆ
d
ef p
bpcpedpf + Rˆabcd Rˆ
d
efg p
bpcpepfdpg + 2Rˆabcd Tˆ
′d
ef p
bpcpedpf
+ Rˆabcd Tˆ
d
ef Tˆ
f
gh p
bpcpepgdph + 4Tˆ ′′′abc p
bdpc + 6Tˆ ′′abc Tˆ
c
ed p
bpedpd + 4Tˆ ′abc Rˆ
c
def p
bpdpedpf
+ 8Tˆ ′abc Tˆ
′c
de p
bpddpe + 4Tˆ ′abc Tˆ
c
de Tˆ
e
fg p
bpdpfdpg + 2Tˆ abc Rˆ
′c
def p
bpdpedpf
+ Tˆ abc Rˆ
c
def Tˆ
f
gh p
bpdpepgdph + 3Tˆ abc Tˆ
′′c
de p
bpddpe + 3Tˆ abc Tˆ
′c
de Tˆ
e
fg p
bpdpfdpg
+ Tˆ abc Tˆ
c
de Rˆ
e
fgh p
bpdpfpgdph + 2Tˆ abc Tˆ
c
de Tˆ
′e
fg p
bpdpfdpg + Tˆ abc Tˆ
c
de Tˆ
e
fg Tˆ
g
hi p
bpfpdphdpi (49)
Cˆ′′′′′ab = 4Rˆ
′′′a
bcd p
cdpd + 6Rˆ′′abcd Tˆ
d
ef p
cpedpf + 4Rˆ′abcd Rˆ
d
efg p
cpepfdpg + 8Rˆ′abcd Tˆ
′d
ef p
cpedpf
+ 4Rˆ′abcd Tˆ
d
ef Tˆ
f
gh p
cpepgdph + 2Rˆabcd Rˆ
′d
efg p
cpepfdpg + Rˆabcd Rˆ
d
efg Tˆ
g
hi p
cpepfphdpi
+ 3Rˆabcd Tˆ
′′d
ef p
cpedpf + 3Rˆabcd Tˆ
′d
ef Tˆ
f
gh p
cpepgdph + Rˆabcd Tˆ
d
ef Rˆ
f
ghi p
cpepgphdpi
+ 2Rˆabcd Tˆ
d
ef Tˆ
′f
gh p
cpepgdpi + Rˆabcd Tˆ
d
ef Tˆ
f
gh Tˆ
h
ij p
cpepgpidpj (50)
Although these expressions involve the radial derivative ∂λ, it can be changed to covariant derivative ∇∂λ by using Eq. (27),
e.g.
∇∂λR
a
bcd ≡ (∇∂λR)(e
a, Xb, Xc, Xd) = ∇∂λ (R(e
a, Xb, Xc, Xd)) ≡ ∂λR
a
bcd. (51)
Moreover, it is understood that any tensor-field components Za···bc...d satisfy Zˆa···bc...d = δaα · · · δbβ δγc · · · δδd Zˆα···βγ...δ,
so there is no difference of using the Greek or Latin indices for any tensor-field components at the original point x′. In the
following, we will adapt the Greek indices on any tensor-field components at x′.
IV. MOMENTUM-SPACE REPRESENTATION OF THE FEYNMAN PROPAGATOR OF A SCALAR FIELD
From Eq. (3), one can show that the Feynamm Green’s function of a scalar field satisfies [2, 10]√
|g(x)|
[
− ⋆−1 d ⋆ d+m2 + ξR
]
G(x, x′) = δ(x− x′),
(52)
where |g(x)| ≡ | det gab(x)|. It is useful to define G(x, x′) by
G(x, x′) = |g(x)|1/4G(x, x′) |g(x′)|1/4, (53)
and Eq. (52) becomes [
(−|g(x)|1/4 ⋆−1 d ⋆ d |g(x)|−1/4) +m2 + ξR
]
G(x, x′) = δ(x− x′). (54)
It is known that, in the coincident limit x → x′, the divergences of G(x, x′) and also effective action W come from the high
frequency field behavior [2, 5]. In the following, we will use [Z ] to denote the coincident limit of any two-point function
Z(x, x′), i.e. [Z ] = limx→x′ Z(x, x′). These ultraviolet divergences can be obtained by solving Eq. (54) in the generalized
Reimann-normal coordinates with asymptotic expansion in large wave number k.
Eq. (54) in the generalized Riemann-normal coordinates xα with associated orthonormal co-frame {ea} gives
(ηµν+
(1)
F
µν
αx
α+
(2)
F
µν
αβx
αxβ+
(3)
F
µν
αβγx
αxβxγ+
(4)
F
µν
αβγλx
αxβxγxλ)∂µ∂νG−m
2G
+(
(1)
S
ν+
(2)
S
ν
αx
α+
(3)
S
ν
αβx
αxβ+
(4)
S
ν
αβγx
αxβxγ)∂νG+ [ (
(2)
P −ξRˆ)
+(
(3)
P α − ξ∇̂αR)x
α + (
(4)
P αβ −
ξ
2
∇̂β∇αR)x
αxβ ]G = −δ(x), (55)
where the coefficients
(i)
F µν ···,
(i)
S ν ···, and
(i)
P ··· involve the i derivatives of orthonormal co-frame. The explicit expres-
7sions of these coefficients in terms of Tˆ abc, Rˆabcd and their
covariant derivatives are given in Appendix. We have only
retained the coefficients for i 6 4 in Eq. (55) since the di-
vergences of W involve the coefficients up to four derivatives
of {ea}. However, the coefficients for i = 4 become much
complicated, the discussion of renormalization of W will be
restricted in totally anti-symmetric torsion, i.e. Tabc = T[abc],
where square brackets indicates index anti-symmetrization.
On the other hand, the divergences of [G ], which are used to
study the renormalizability of interacting scalar fields, involve
the coefficients for i 6 2, so we do not put any restriction on
torsion for finding those divergences.
By making the n-dimensional Fourier transformation,
G(x, x′) in the momentum space yields
G(x, x′) =
∫
dnk
(2π)n
eikαx
α
G(k), (56)
where G(k) = G(k;x′) is assumed to have compact support
in the normal neighborhood of x′. We consider the following
expansion of G(k)
G(k) = G0(k) +G1(k) +G2(k) + · · · , (57)
and
Gi(x, x
′) =
∫
dnk
(2π)n
eikαx
α
Gi(k), (58)
where Gi(k) involves the coefficients
(i)
F µν ···,
(i)
S ν ···, and
(i)
P ···. For i = 0, we have
(0)
F µν ··· =
(0)
S ν ··· =
(0)
P ··· = 0. On
dimensional ground, Gi(k) is of order k−(2+i) so Eq. (57)
corresponds to an asymptotic expansion of G(k) in large k
[3].
To find the divergences of [G ], we first solve Gi for i 6
2. By substituting Eq. (58) into Eq. (55), the lowest-order
equation yields
ηµν∂µ∂νG0 −m
2 = −δ(x), (59)
which has the Minkowski-space solution
G0(k) =
1
k2 +m2
. (60)
From Eq. (59), we also know that G0(x, x′) is a function of
ηµνx
µxν ≡ xνx
ν
, i.e. Lorentz invariant. The equation for
G1(x, x
′) gives
ηµν∂µ∂νG1 −m
2G1+
(1)
F
µν
αx
α∂µ∂νG0+
(1)
S
ν∂νG0 = 0.
(61)
Substituting the solution G0(x, x′) into Eq. (61) and using
Eqs. (A8), (A9), we obtain
G1(k) = −
i
4
Tˆα ∂
α
(
1
k2 +m2
)
, (62)
where Tˆα = Tˆ ββα is the trace torsion, and ∂α ≡ ∂/∂kα. It
turns out thatG1(k) = 0 in the pseudo-Riemannian geometry,
which has been shown in [3]. Using integrating by part, one
can show that [G1] = 0 (see Sec. V).
The equation for G2(x, x′) gives
ηµν∂µ∂νG2 −m
2G2+
(1)
F
µν
αx
α∂µ∂νG1+
(1)
S
ν∂νG1
+
(2)
F
µν
αβx
αxβ∂µ∂νG0+
(2)
S
ν
αx
α∂νG0
+(
(2)
P −ξRˆ)G0 = 0. (63)
By substituting the solutions G0(x, x′), G1(x, x′), Eqs. (A8)-
(A12) into Eq. (63) and integrating by part, a straightforward
but tedious calculation yields
G2(k) =
[
(
1
6
− ξ)Rˆ −
1
4
TˆαTˆ
α +
1
3
∇̂αTα −
1
8
TˆαβγTˆ
αβγ −
1
6
TˆαβγTˆ
γβα
]
1
(k2 +m2)2
−
1
8
[
1
4
TˆαTˆβ −
1
2
TˆαβµTˆ
µ + 4 (
(2)
F α
µ
(βµ)+
(2)
F
µ
α(βµ) ) + 2
(2)
F αβ
µ
µ − 2
(2)
S αβ
]
∂α∂β
(
1
k2 +m2
)
, (64)
where the indices are up and lower by ηµν and ηµν and round
brackets indicate index symmetrization. In Sec. V, it will be
shown that the second line of Eq. (64) does not contribute to
[G2 ]. In pseudo-Riemannian geometry, Eq. (64) reduces to
G2(k) =
(16 − ξ)
ˆ˜R
(k2 +m2)2
, (65)
which is the same as in [3].
A. A special case: the total antisymmetric torsion
In this subsection, we will consider background torsion to
be totally anti-symmetric and find the divergences of effective
8actionW in this restricted background gravitaional fields. The
reason is that the totally anti-symmetric torsion plays a signif-
icant role for generating inflation in the early Universe [29].
Moreover, since it is necessary to obtain G4(k) for finding the
divergences of W , this consideration will largely simplify our
calculations.
When Tαβγ = T[αβγ], the autoparallels and geodesics will
coincide, and it gives
(1)
F µνα =
(1)
S ν = 0. So Eq. (61) gives
a trivial solution G1(k) = 0. Since G0(x, x′) is a function of
xµx
ν
, and using Eqs. (A14)-(A15), we obtain
(2)
F
µν
αβx
αxβ∂µ∂νG0+
(2)
S
ν
αx
α∂νG0 ≡ 0. (66)
Therefore, Eq. (63) becomes
ηµν∂µ∂νG2 −m
2G2 + (
(2)
P −ξRˆ)G0 = 0, (67)
which has a solution
G2(k) =
[
(
1
6
− ξ)Rˆ +
1
24
TˆαβγTˆ
αβγ
]
1
(k2 +m2)2
. (68)
Eq. (67) indicates that G2(x, x′) is Lorentz invariant and
hence it is also a function of xαxα. It follows that G2(x, x′)
also satisfies Eq. (66). Moreover, by using Eqs. (A17), (A18),
(A20), (A21), a straightforward but tedious calculation gives
two more identities
(3)
F
µν
αβγx
αxβxγ∂µ∂νG0+
(3)
S
ν
αβx
αxβ∂νG0 ≡ 0, (69)
(4)
F
µν
αβγλx
αxβxγxλ∂µ∂νG0+
(4)
S
ν
αβγx
αxβxγ∂νG0 ≡ 0.
(70)
so G3(x, x
′) and G4(x, x′) satisfy
ηµν∂µ∂νG3 −m
2G3 + (
(3)
P α − ξ∇̂αR)x
αG0 = 0. (71)
ηµν∂µ∂νG4 −m
2G4 + (
(2)
P − ξRˆ)G2 + (
(4)
P αβ −
ξ
2
∇̂β∇αR)x
αxβG0 = 0. (72)
By substituting Eq. (A19) into Eq. (71) and integrating by part, we obtain
G3(k) =
i
2
[
(
1
12
− ξ)∇̂αR+
1
12
(2 ̂∇βR(βα) + 2Rˆ
γ
(αβ)λTˆ
λβ
γ + Tˆ
βλγ∇(αTˆλ)γβ +
1
2
Tˆαγβ∇λTˆ
λγβ)
]
∂α
1
(k2 +m2)2
, (73)
where ∇α ≡ gαβ∇β . When torsion vanishes, Eq. (73) reduces to
G3(k) =
i
2
(
1
6
− ξ)̂˜∇αR˜ ∂
α 1
(k2 +m2)2
, (74)
where the Bianchi identities have been used. It agrees with the result in [3]. Similarly, substituting Eqs. (A16) and (A22) into
Eq. (72) and integrating by part yields
G4(k) =
[
(
1
6
− ξ)Rˆ +
1
24
TˆαβγTˆ
αβγ
]2
1
(k2 +m2)3
+
2
3
(
(4)
P
α
α −
1
2
ξ ̂R
)
1
(k2 +m2)3
−
1
3
(
(4)
P αβ −
ξ
2
∇̂β∇αR
)
∂α∂β
1
(k2 +m2)2
, (75)
where  ≡ ∇α∇α and
(4)
P
α
α =
1
20
̂R+
1
10
̂∇(β∇α)Rαβ −
1
72
RˆαβRˆ
αβ −
1
360
RˆαβRˆ
βα −
1
90
Rˆγλ∇̂αT λαγ −
1
30
RˆγλTˆ
λα
µTˆ
µ
αγ
−
3
10
̂∇(ν∇α)T γαλ Tˆ
λν
γ −
1
45
∇̂βT γβλ ∇̂νT λνγ +
1
45
∇̂νT γβλ ∇̂νTγβλ −
1
45
∇̂νT γβλ ∇̂βT λνγ
+
11
180
RˆκνβγTˆ
κνλTˆ βγλ −
11
180
RˆλνκβTˆλβγ Tˆνκ
γ −
1
180
Rˆγβ
ν
λ
̂∇(νT λβγ) +
1
90
RˆγβλαRˆγλβα +
1
90
RˆγβλαRˆλαγβ
−
1
2880
Tˆ λβγTˆλβκTˆαν
κTˆανγ +
1
1440
Tˆ γβν Tˆ
νλαTˆαβκTˆ
κ
λγ . (76)
Sec. V will show that [G3 ] = 0 and the second line of Eq. (75) does not contribute to [G4 ]. When torsion vanishes, Eq. (75)
becomes
G4(k) =
[
(
1
6
− ξ)2 ˆ˜R2 +
1
3
(
1
5
− ξ)̂˜R˜− 1
90
ˆ˜Rαβ
ˆ˜Rαβ +
1
90
ˆ˜Rγβλα ˆ˜Rγβλα
]
1
(k2 +m2)3
(77)
+
[
1
6
(ξ −
3
20
) ̂∇˜α∇˜βR˜−
1
120
̂˜
R˜αβ +
1
90
ˆ˜Rαλ
ˆ˜Rλβ +
1
270
ˆ˜Rγλ
ˆ˜Rα
γλ
β −
1
180
ˆ˜Rγκλα ˆ˜Rγκλβ
]
∂α∂β
1
(k2 +m2)2
,
9which agrees with the result in [3]. The Feynamm propagator can be obtained by giving m2 an infinitesimal negative imaginary
part iǫ, i.e. m2+ iǫ, and take iǫ to be zero at the end of calculation. Since our calculations are valid in n dimensions, it is natural
to use dimensional regularization to handle the divergences of Feynamm propagator and effective action in the coincident limit.
V. RENORMALIZATION OF A SCALAR FIELD IN RIEMANN-CARTAN SPACETIME
It is known that proper-time representation can be derived from momentum-space representation in the n dimensional pseudo-
Riemannian structure of space-time [3]. We will show that the derivation can be extended to n dimensional Riemann-Cartan
spacetime. In the following, we only consider the approximate solution of G(x, x′) up to G4(x, x′). Substituting Eqs. (60),
(62), (64), (73), (75) into (56) and integrating by part yields
G(x, x′) =
∫
dnk
(2π)n
eikαx
α
[
1−
1
4
Tˆαx
α + aαβx
αxβ + (a+ bαx
α + cαβx
αxβ)(−
∂
∂m2
) + c (
∂
∂m2
)2
]
1
k2 +m2
, (78)
where
aαβ =
1
8
[
1
4
TˆαTˆβ −
1
2
TˆαβµTˆ
µ + 4 (
(2)
F α
µ
(βµ)+
(2)
F
µ
α(βµ) ) + 2
(2)
F αβ
µ
µ − 2
(2)
S αβ
]
, (79)
a = (
1
6
− ξ)Rˆ−
1
4
TˆαTˆ
α +
1
3
∇̂αTα −
1
8
TˆαβγTˆ
αβγ −
1
6
TˆαβγTˆ
γβα, (80)
bα =
i
2
[
(
1
12
− ξ)∇̂αR +
1
12
(2 ̂∇βR(βα) + 2Rˆγ(αβ)λTˆ
[λβγ] + Tˆ [βλγ]∇(αTˆ[λ)γβ] +
1
2
Tˆ[αγβ]∇λTˆ
[λγβ])
]
, (81)
cαβ =
1
3
(
(4)
P αβ −
ξ
2
∇̂β∇αR
)
, (82)
c =
1
2
[
(
1
6
− ξ)Rˆ+
1
24
Tˆ[αβγ]Tˆ
[αβγ]
]2
+
1
3
(
(4)
P
α
α −
1
2
ξ ̂R
)
. (83)
It should be pointed out that the coefficients a and aαβ are
considered in a general background torsion field but the other
coefficients bα, cαβ and c are considered in a background to-
tally anti-symmetric torsion field.
Defining
F (x, x′; is) = 1−
1
4
Tˆαx
α + aαβx
αxβ
+ (a+ bαx
α + cαβx
αxβ)is+ c(is)2,(84)
and using the integral representation
(k2 +m2 + iǫ)−1 =
∫ ∞
0
ids exp[−is(k2 +m2 + iǫ)],(85)
one then perform dnk integration in Eq. (78) to obtain (drop-
ping iǫ)
G(x, x′) = i(4π)−n/2
∫ ∞
0
ids(is)−n/2
× exp[−im2s− (σ/2is)]F (x, x′; is), (86)
where σ(x, x′) = 12x
αxα is half square of the autoparallel
distance between x and x′. Since |g(x′)| = 1 in the general-
ized Riemann-normal coordinates, it gives
G(x, x′) = |g(x)|−1/4G(x, x′). (87)
By introducing a determinant defined by1
△ (x, x′) = −|g(x)|−1/2 det[−∂µ∂ν′σ]|g(x
′)|−1/2 (88)
and noticing that Eq. (88) reduces to |g(x)|−1/2 in the gener-
alized Riemann-normal coordinates, we obtain
G(x, x′) =
i△1/2 (x, x′)
(4π)n/2
∫ ∞
0
ids(is)−n/2
× exp[−im2s− (σ/2is)]F (x, x′; is), (89)
which may be considered as the proper-time representa-
tion in n dimensional Riemann-Cartan spacetime. When
torsion vanishes, Eq. (89) yields the usual expression of
DeWitt-Schwinger proper-time representation in n dimen-
sional pseudo-Riemannian structure of space-time.
It is known that the first n2 terms of Eq. (89) are divergent
at x→ x′ limit [2]. If one considers that n can be analytically
continued throughout the complex plane, Eq. (89) at x → x′
1 Eq. (88) returns to the well-known Van Vleck determinant in pseudo-
Riemannian geometry.
10
limit becomes
G(x, x) =
i
(4π)n/2
[
m2Γ(−
n
2
+ 1) + a(x)Γ(−
n
2
+ 2)
+m−2c(x)Γ(−
n
2
+ 3)
]
. (90)
When n → 4, Eq. (90) indicates that only the first two terms
are divergent.
From Eq. (13), it can be shown that [2]
W = −
i
2
∫
M
[
lim
x→x′
∫ ∞
0
ids(is)−1G(x, x′)
]
⋆ 1. (91)
By substituting Eq. (89) into Eq. (91), the divergent terms in
the four dimensional spacetime yield
Ldiv = lim
n→4
1
(32π2)
[
m4Γ(−
n
2
) +m2a(x)Γ(−
n
2
+ 1)
+c(x)Γ(−
n
2
+ 2)
]
. (92)
It turns out that the divergent terms are entirely geometrical
and involve only a(x) and c(x). By adding the countert-
erms, which contain bare coefficients, into the gravitational
Lagrangian, the infinite quantities of Ldiv can be absorbed
into bare coefficients to obtain renormalized physical quanti-
ties. It should be pointed out that, for totally anti-symmetric
torsion, a(x) and c(x) may be compared to the coefficients
b2 and b4 (i.e. Eq. (4.2.27) and and (4.3.10)) in [13]. It is
easy to see that a(x) in totally anti-symmetric torsion case,
which is referred to Eq. (68), is equivalent to b2. However,
we have not verified the equivalence of c(x) and b4 yet, since
it involves using the Bianchi identities.
VI. CONCLUSION AND DISCUSSION
We obtain the momentum-space representation of the Fey-
namm propagator of a free massive scalar field in Riemann-
Cartan spacetime. Moreover, the proper-time representation
in n dimensional Riemann-Cartan spacetime has been derived
from our momentum-space representation. It leads us to find
the divergences of the one-loop effective action by using di-
mensional regularization. It turns out that the divergences of
one-loop effective action of the scalar field are purely geo-
metrical and involve full curvature, torsion and their covariant
derivative. It is interesting to notice that though there is no di-
rect coupling between torsion and the scalar field in the clas-
sical action, those divergences do contain torsion parts. When
torsion vanishes, our momentum-space representation agrees
with the results in [3].
It has been demonstrated that momentum-space represen-
tation is useful for studying the renormalizability of interact-
ing fields in pseudo-Riemannian structure of spacetime [3].
So our current work may also be useful for studying renor-
malizability of interacting scalar fields in Riemann-Cartan
spacetime. Moreover, finding momentum-space representa-
tion of Feynamm propagator for spin 1/2 field in Riemann-
Cartan spacetime is straightforward by using the generalized
Riemann-normal coordinates. These considerations will be
our future work.
Our original motivation is to study quantum effects of our
inflation model [29] in Riemann-Cartan spacetime. It turns
out that our inflation model, which contain quadratic curva-
ture terms, is a subclass of the effective action. Therefore, it
might be interesting to find the renormalized stress 3-forms
and spin 3-forms, and study these quantum effects in the early
Universe. A further investigation on reheating and primordial
perturbations will also be studied in the future.
Acknowledgments
CHW would like to thank Prof Hing-Tong Cho and Prof
Chopin Soo for helpful discussions and comments. YHW
was suppoerted by Center for Mathematics and Theoretical
Physics, National Central University. CHW was supported by
the National Science Council of the Republic of China under
the grants NSC 96-2112-M-032-006-MY3 and 98-2811-M-
032-014.
Appendix A: Feynman propagator in the generalized Riemann-normal coordinates
In Sec. III, we obtained the orthonormal co-frames {ea} and connection 1-forms {ωab} in the generalized Riemann-normal
coordinates. To obtain Eq. (54) in the generalized Riemann-normal coordinates, it is useful to find the metric components gαβ
with respect to {dxα}. Using
g = ηab e
a ⊗ eb = gαβ dx
α ⊗ dxβ (A1)
and substituting Eqs. (41), (43), (45) into (A1) gives
gαβ = ηαβ − Tˆ(αβ)γx
γ +
1
3
[
Rˆγ(αβ)δ − 2∇̂δT (αβ)γ +
1
2
(TˆαγǫTˆ
ǫ
δβ + TˆβγǫTˆ
ǫ
δα) +
3
4
Tˆ ǫ γαTˆǫδβ
]
xγxδ + · · · , (A2)
which can be used to find the solutions G0(x, x′), G1(x, x′) and G2(x, x′). However, the solutions G3(x, x′) and G4(x, x′) are
restricted in the background totally anti-symmetric torsion Tαβγ = T[αβγ], so substituting Eqs. (41), (43), (45), (47), (49) into
11
(A1) and considering torsion field to be totally anti-symmetric yields
gαβ = ηαβ +
1
3
[
Rˆγ(αβ)δ +
1
4
TˆαγǫTˆ
ǫ
δβ
]
xγxδ +
1
12
[
− ∇̂δRαγβǫ +
1
2
Rˆαγǫ
κTˆκδβ +
1
2
Tˆαγκ∇̂δT
κ
ǫβ
−
1
2
TˆαγκRˆ
κ
δǫβ + α↔ β
]
xγxδxǫ +
[ 1
120
(
− 3∇̂κ∇ǫRαγβδ + 3∇̂ǫRαγδλTˆ
λ
κβ + RˆαγδλRˆ
λ
ǫκβ
+ 2Rˆαγδλ∇̂ǫT
λ
κβ + RˆαγδλTˆ
λ
κµTˆ
µ
ǫβ + 9∇̂ǫ∇δTαγλTˆ
λ
κβ
)
−
1
45
∇̂δTαγλRˆ
λ
ǫκβ +
1
90
∇̂δTαγλ∇̂κT
λ
ǫβ
+
1
360
∇̂δTαγλTˆ
λ
ǫµTˆ
µ
κβ −
1
40
Tˆαγλ∇̂κR
λ
δǫβ −
1
80
TˆαγλRˆ
λ
ǫκµTˆ
µ
δβ −
1
80
TˆαγλTˆ
λ
ǫµRˆ
µ
κδβ
+
1
720
TˆαγλTˆ
λ
ǫµTˆ
µ
κν Tˆ
ν
δβ +
1
72
RˆλγδαRˆ
λ
ǫκβ + α↔ β
]
xγxδxǫxκ + · · · , (A3)
where α↔ β denotes interchange of the indices. It is not difficult to verify that when torsion field vanishes, Eq. (A3) will return
to the well-known result obtained in the pseudo-Riemannian geometry [23].
Since Eq. (54) only involve exterior derivative d acting on G, it can be expressed in terms of gαβ and Christoffel symbol Γ˜αβγ
gαβ∂α∂βG+ ∂αg
αβ∂βG−
(
1
2
∂αg
αβΓ˜γβ
γ +
1
4
gαβΓ˜γα
γ Γ˜δβ
δ +
1
2
Γ˜γβ
γ
,αg
αβ
)
G− (m+ ξR)G = −δ(x− x′). (A4)
In the generalized Riemann-normal coordinates, one has the following expansions
gµν = ηµν+
(1)
F
µν
αx
α+
(2)
F
µν
αβx
αxβ+
(3)
F
µν
αβγx
αxβxγ+
(4)
F
µν
αβγλx
αxβxγxλ + · · · (A5)
∂µg
µν =
(1)
S
ν+
(2)
S
ν
αx
α+
(3)
S
ν
αβx
αxβ+
(4)
S
ν
αβγx
αxβxγ + · · · (A6)
−
(
1
2
∂αg
αβΓ˜γβ
γ +
1
4
gαβΓ˜γα
γΓ˜δβ
δ +
1
2
Γ˜γβ
γ
,αg
αβ
)
=
(2)
P +
(3)
P α x
α+
(4)
P αβ x
αxβ + · · · . (A7)
By substituting Eqs. (A5)-(A7) into Eq. (A4), we then obtain Eq. (55).
Using Eq. (A2), we obtain
(1)
F
µν
α = Tˆ
(µν)
α, (A8)
(1)
S
ν =
1
2
Tˆ ν , (A9)
(2)
F
µν
αβ = Tˆǫ
µ
αTˆ
ǫν
β −
1
3
[
Rˆα
(µν)
β − 2∇̂βT
(µν)
α +
1
2
(
Tˆ µαǫTˆ
ǫ
β
ν + Tˆ ναǫTˆ
ǫ
β
µ
)
+
3
4
Tˆ ǫα
µTˆǫβ
ν
]
, (A10)
(2)
S
ν
α =
2
3
Tˆǫ Tˆ
ǫν
α +
3
4
Tˆǫ
µ
αTˆ
ǫν
µ −
1
6
(
Rˆα
ν + Rˆνα − 4∇̂µT
(µν)
α − 2∇̂αT
ν + Tˆ νµǫTˆ
ǫ
α
µ + Tˆ µαǫTˆ
ǫ
µ
ν
)
, (A11)
(2)
P = −
3
16
Tˆα Tˆα +
1
6
Rˆ+
1
3
∇̂αT
α −
1
24
Tˆαβγ Tˆ
γβα. (A12)
In the case of totally anti-symmetric torsion, one may use Eq. (A3) to obtain
(1)
F
µν
α =
(1)
S
ν = 0, (A13)
(2)
F
µν
αβ = −
1
3
(
Rˆα
(µν)
β +
1
4
TˆµαǫTˆ
ǫ
β
ν
)
, (A14)
(2)
S
ν
α = −
1
6
(
Rˆα
ν + Rˆνα +
1
2
TˆǫµαTˆ
ǫµν
)
, (A15)
(2)
P =
1
6
(
Rˆ+
1
4
TˆǫµαTˆ
ǫµα
)
, (A16)
(3)
F
µν
αβγ = −
1
12
(
− ∇̂βR
µ
α
ν
γ +
1
2
Rˆµαγ
κTˆκβ
ν +
1
2
Tˆµακ∇̂βT
κ
γ
ν −
1
2
TˆµακRˆ
κ
βγ
ν + µ↔ ν
)
, (A17)
(3)
S
ν
αβ =
(3)
F
νµ
µαβ+
(3)
F
νµ
αµβ+
(3)
F
νµ
αβµ, (A18)
(3)
P α =
1
12
(
∇̂αR+ ∇̂µR
µ
α + ∇̂µRα
µ + 2 Rˆµ(να)κTˆ
κνµ − Tˆµνκ∇̂(αT
κ
ν)µ −
1
2
Tˆµακ∇̂νTκ
ν
µ
)
, (A19)
12
(4)
F
µν
αβγδ = −
[ 1
120
(
− 3∇̂δ∇γR
µ
α
ν
β + 3∇̂γR
µ
αβλTˆ
λ
δ
ν + RˆµαβλRˆ
λ
γδ
ν + 2Rˆµαβλ∇̂γT
λ
δ
ν + RˆµαβλTˆ
λ
δǫTˆ
ǫ
γ
ν
+ 9∇̂γ∇βT
µ
αλ Tˆ
λ
δ
ν
)
−
1
45
∇̂βT
µ
αλRˆ
λ
γδ
ν +
1
90
∇̂βT
µ
αλ∇̂δT
λ
γ
ν +
1
360
∇̂βT
µ
αλTˆ
λ
γǫTˆ
ǫ
δ
ν −
1
40
Tˆµαλ∇̂δR
λ
βγ
ν
−
1
80
TˆµαλRˆ
λ
γδǫTˆ
ǫ
β
ν −
1
80
TˆµαλTˆ
λ
γǫRˆ
ǫ
δβ
ν +
1
720
TˆµαλTˆ
λ
γǫTˆ
ǫ
δκTˆ
κ
β
ν +
1
72
Rˆλαβ
µRˆλγδ
ν + µ↔ ν
]
+
1
9
(
Rˆα(κ
µ)
β +
1
4
TˆκαǫTˆ
ǫ
β
µ
)(
Rˆγ
(κν)
δ +
1
4
TˆκγǫTˆ
ǫ
δ
ν
)
, (A20)
(4)
S
ν
αβγ =
(4)
F
νµ
µαβγ+
(4)
F
νµ
αµβγ+
(4)
F
νµ
αβµγ+
(4)
F
νµ
αβγµ, (A21)
(4)
P αβ =
1
2
(2)
S
ν
α
(2)
F
µ
µ(νβ) −
1
4
(2)
F
µ
µ
(ν
α)
(2)
F
µ
µ(νβ) +
1
2
(2)
F
κ
κµν
(2)
F
µν
αβ +
1
2
( (2)
F
µνκ
α
(2)
F µν(κβ)+
(2)
F
µν(κ
α)
(2)
F µνβκ
)
+
1
2
(2)
F
µν
αβ
(2)
F µν
κ
κ +
1
2
( (4)
F
µ
µ
ν
ναβ+
(4)
F
µ
µ
ν
ανβ+
(4)
F
µ
µ
ν
αβν+
(4)
F
µ
µα
ν
βν+
(4)
F
µ
µα
ν
νβ+
(4)
F
µ
µαβ
ν
ν
)
. (A22)
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